The paper analyzes global solutions to the optimal digital controller realization problem based on maximizing a finite word length (FWL) closed-loop stability measure. For each closed-loop eigenvalue, a single-pole FWL stability function is first introduced, and a single-pole FWL stability meas u e is then defined as the maximum of the corresponding single-pole stability function over all the controller realizations. It is shown that the minimum of the single-pole stability measures for all the closed-loop eigenvalues is an upper bound of the optimal value for the optimal realization
Introduction
The classical control system design often assumes that the controller is implemented exactly. This assumption is usnally justified on the ground that the plant uncertainty is the most significant source of uncertainty in the control system. It has been realized, however, that the controller nncertainties caused by finite-precision implementation also have significant influence on the performance of the con- . This paper considers the case that the controller is implemented using a fixed-point processor. In realtime applications where computational efficiency is critical, a digital controller implemented with fixed-point arithmetic has advantages over floating-point implementation. However, the detrimental FWL effects are markedly increased in fixed-point implenientation due to a reduced precision.
It has been noted that a controller design can he implemented with dfferent realizations and the FWL effect on the closed-loop stability depends on the controller realization. where T E RnX" is an arbitrary non-singular matrix. Den o t e N = ( I + n ) ( q + n ) a n d When a controller X is implemented with a fixed-point processor, it is perturbed to X + AX due to the FWL effect.
Each element of AX is bounded by is, that is.
where E is the maximum round-off error of the fixed-point processor. With the perturbation AX, A,(K(X)) is moved to A,(A(X + 4X) with denoting the conjugate transpose operator.
The measure f(X) describes the "robustness" of closedloop stability to FWL controller perturbations. As different
it is natural to search for "optimal" controller realizations that maximize the measure defined in (5) . This leads to the following optimal FWL realization problem [5] :
3 Single-pale FWL stability measure
Define the single-pole FWL stability function for the closed-loop eigenvalue A; as
The optinial FWL realization problem (7) can be written as is an upper bound of the optimal value 2) in (7). We now discuss how to attain the measure p, for the pole A,, in other words, how IO 
$l E R("-2)x("-2) is an arbitrary nonsingular matrix, and 6 0 7 2 2 V E 72"' " is an arbitrary orthogonal ma&. (31) 0 is the solution of (33) t a n 0 = all cos0 -a12 sin0 > 0 CZ E R("-2)x(n-2) is an arbitrary nonsingularmauix, and V E RnX" is an arbitrary orthogonal matrix. 
T. which satisfy (47.) is a method of solving for the optimal realization problem (7). We present an algorithm for computingX(T,) in this way.
By setting VI = I, in (46), we have
Notice that, Vi E {l;. . . m + n}, the single-pole FWL stability function y(X(T(R1)), i ) is differentiable with respect to a,. With the derivative, we know how to change $2, so that g(X(T(nl)):i) increases. Hence, for those g ( X ( T ( n , ) ) , i ) < p i l , 0, can appropriately be changed step by step until g ( X ( T ( n , ) ) , i ) 2 p i > . With the derivative, we also know the direction of change which will decrease g ( X ( T ( a , ) ) , i ) . Hence, by avoiding to change 521 in some directions, those g(X(T(O,)),i) 2 pI1 can he made to hold their values. The basic idea of the algorithm is to search for an optimal transformation matrix T. through increasing those g ( X , j ) which are smaller than pi, while not decreasing those y(X, i ) which are larger than or equal to p i , , The detailed algorithm is as follows.
Initialization: Arbitrarily select a nonsingular to obtain an initialrealizationX(T(n,)), s e t u toaproperpositive number and T a small positive number.
Step I : Find out every elements of the set
~S I (~I )
Step 2 and ternunate the algorithm.
I E { L ,m+n)
Step 3: Choose J E R("-2)x("-2) suchthat
i)Vi E SI(~I),~(X(T(~~,+TJ)),~) isnotlessthan g ( X ( T ( a i ) ) . i ) .
ii) y(X (T(z1,) ). L) increases as fast as possible.
iii) IlJll~ = 1.
Step 4: RI = z1, + T J , and go to Step I
The key of this algorithmis how to obtain J. Denote Vet(.) the column stacking operator. With a small T , condition i) means that
Step 3-2: Find every elements of the set
If S, is empty, J = .It and terminate the inner loop.
Step3-3: Find the index in St with which the derivative direction has the largest "angle" with respect to dg(X(T(I&)).<.l .
,i.e. 
VGG
Step 3-6: Go to Step 3-2.
In this algorithm, the derivatives dg(x(ziy))'il are needed.
Based on (3), (E), (19). (20). (48)
and Lemma 2, these derivatives can be computed easily.
A design example
Condition ii) requires to improve g ( X ( T ( Q l ) ) , i . ) as fast as possible and, therefore, the best direction is dg(X(T(n'))'i.l. dn Combining all the three conditions in to find a global optimal realization. Fig. 1 illustrates the changes of all the single-pole FWL stability functions in each iteration stage. It can be seen that at the 37th stage, the global optimal controller realization XOpt was found, since at this stage the conditions of Lemma 3 were met and the algorithm terminated. Table 1 summarizes the values of the FWL closed-loop stability measure for Xo and XOpt. It can he seen that the optimal controller realizations improve the FWL closed-loop stability measure by a factor of 2 x lo5 over the initially designed controller realization.
Conclusions
We have developed an analytic approach to solve for the optimal controller realization problem based on an FWL closed-loop stability measure, which avoids the drawbacks usually associated with using numerical optimization methods to tackle this problem. For each closed-loop eigenvalue, a single-pole stability measure has been defined, and an analytical method has been derived to compute all the realizations which achieve the single-pole measure. It has been shown that the minimum of all the single-pole measures is an upper hound of the optimal value of the optimal FWL realization problem. The necessaty and sufficient conditions have been given for a realization which attains the minimum single-pole measure to he a global solution of the optimal realization problem. An algorithm have been presented to compute global optimal realizations.
